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Motivation

· N-particle systems

dXi = vide
Ed = b(t .Zdt+Kzdt + dLE

Nie N,
· Z = (Xt , Vt) : position and velocity of the ith particle

at time +;

o b (some noise) : random environment ;

· E : mean-field scaling 0 K : interaction Kernel,

·LIZa family of iid , -stable processe)

random phnomenent .
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Motivation

· Propagation of chaos : (Mckean-Vlasov SDEs)

dXt = V+ dt

E dV+ = bit , z+ )dt + k+
(2t)d+ + d(+

-

·Ut is the time marginal law of the
solution I.

· Kar 1956 ; "
,

Sanitman 1991
, ..., Jabin-Wang 2016 , 2018 , Lacker 2021, ..

· second order system :

dx+ = bit , Xt ,Xt)dt + k*M+ (X , Y+ (dt + d(t
,

· i=

· Langerin system , kinetic system
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Singular random environment
· First order system :

dXt = b(x+)d+ + d( +

o <= 2 (BM) (Bron , 1986) Brox diffusion :

b is an 1-dim space white noise (be- ;
· x = z

,

bet with Be , 5)

Delarne - Diel , 2016 rough path & 1-dim

Cannizzaro-Chouk
,

2018 paracontrolled calculas

· h + (1
,
2)

,

bEIP PE(1-21/2 , 122-2)(3)

Kremp-Perkowski , 2022 : paracontrolled calculas (more references
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singular Kernel
· Consider the case b = 0.

Suppose the law Mt has a density f . v) . Then by It's Formula :

2+f + v . Auf=F - div(k+f - 5) .

· d = 3 kiv=7 : Vlasor- Possion - Fokker-Planck equation

·daviestokeseqnation
. .
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Kinetic Semigroup
· Suppose b = K= 0 and Ko . Vol = 1x , V) .

(Xvv) = (x+ +v +fLsds , v+ (t)
· Define Ptfix , v) : = Ef(X , VEY

=> uit) : = Pey + S.Pt-sfds solves :

2+h = (v + V.Tz)u + 7 ,
u(0) =Y , + 30 .

· If denoting the density of 19Lsds , (t) by P+ 1, y ,
Then we have:

P+f = M(p+*f) = (1=(t) * (i+f) ,

where Efficiv) : = f(x + tr, v).

· Difficulty : i) Degenerate ; ii) JrP+* PtTr ;
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Anisotriphic Besor space
· Scaling:

(S.Lods . (t) Lods , (1)
↳ x : V = (+ 1) : I anisotriphic unit of partition :

· Anisotriphie metric :

1xvila :=1
+ Iv
enta

+24)
US 11.:la < 2}

↳ constric b (J-1)
· Anisotrophie Besor space :

-

1711:
↳ of :=(

o SEIR
, qe[1 ,D] , p= (Pu, Pr)El1, 052,

· 1154p :=[finv h
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Anisotriphic Besor space
· So

,

·Ba
=> 12-01C1-Di

· BaC

· a= c+
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Hölder drift
· Consider the case :

KEo
,

and b is Holder continuous.

od= z (BM) Chandru de Raynal , 2015 :

bet - strong existence + pathwise uniqueness.

o X = 2 Chandru de Raynal - Honoré-Menozzi , 2018

Chain case

Theorem 1 (H. -Wu-Zhang ,
2020

Assume &E
,
2) and be ch

Then there is a unique strong solution.
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Theorem 1 (H. -Wu-Zhang ,
2020

Assume &E
,
1) and be ch

Then there is a unique strong solution.

· Method : Zvonkin's transformation

· key point : 11PIE
T

3
P+ Pt

opt=+
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Soboter drifts

· Assume K = 0 and b is some Soboler function.

Suppose <= 2.

o (Zhang 2018
,
Fedrizzi-Flandoli-Priola , 2017

I

( -2x b [PCR+, [cRd,) , PE(212d+) , 4) E strong well-posedness.

·

o (Chaudru de Raynal -Menozzi, 2021)

beEUR+. Erd , ),1 weak well-posedness

o (Ren-Zhang , 2024)

b is in Kato class (one example ber+ .

LOR4, ***1)
↳ weak well-posedness.
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Euler approximation
· Let UEIN and TInIt):=

,

tER

Consider the following taming Euler scheme

don = To-mnitibult, Xit
,
Yu)d+ + dWt

.

(z : = (X*, **)

0 bust.. v) = PAbult, (1, V) , Priv) = MadrpRr)

Theorem 2 (H . -L2-Ling , 2024+
i) Assume beL+. (3) with a 1. re 10 , 12 -19.

=1 -2
Then :

SPOR- POLITYards n + n
&

&

it) Assume 12-2ubELCIR+,Bil with a 1 and Be 10, 1).

Then for VETO,CELM-Pa
Velo,Yeaf , 11/18



Theorem 2 (H . -L2 - Ling , 2024+)

i) Assume beL+. (3) with a 1 .

VE10
, (2) ,

=1 -28

So/PORSE- POLISTYards =n + n
↑

it) Assume 12-2ubELCIR+,Bil with a 1 and Be 10, 1).

-(+B)+ ECELMIZ-P]
&

&

-1

If(Xt) - f(Xmit))) n
⑨

[If(x+) - To-Titif (Xnitin* (Xt, V+)=Sosds , We

·
(Weak convergence) Faster than the rate (2-) in (Jourdain -Menozzi, 2024 .).

· (Strong convergeme) Extends (LE-Ling ,
2021).
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2- drifts
a

· Assume <= 2 and K = 0.

· Let be,e

· ill-posedness : 2 + u = (v + V. Jau + b - Tra +f

b. u:x (2 - 2B (0)

· Consider Gaussian noise b in the whole space,

so that

b%Pt-bds makes sense a .e.
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H
. -Zhang-Zhu-Zhu, 2024

· Construct the paracontrolled solution to kinetic PDEs.

(Difficulty : Pt is not a Fourier multiplierex
consider a new commutator)

· Establish the local method for paracontrolled solution

(Previous paper concerning the whole space : exp weight
(Hairer-Labbe)) .

· Find the condition on the Gaussian
noise b

,

with which

b . JrSPt-sbds makes sense.

(The Oth-Wiever chaos is not 0 , which is essentially different from
the non-degenerate case)

· Obtain the entropy estimate for paracontrolled solution with

weight.
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Singular Kernels

· Assume &-12, 2) and bE0 .

dXt = KAM(Xt, Yt)dt + dLt , Me= PPoIXt, Ye? (A)

· (H(KM) KELC+,BE) +Mot Bera
o Boe 1-1 , 0)

-Bota-1++

o if (+2)d+ Bo -a-0
then -B + a> -1 m Supercritical !!!
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Singular Kernels

· Assume &-12, 2) and bE0 .

dXt = KAM(Xt, Yt)dt + dLt , Me= PPoIXt, Ye? (A)

· (H(KM) KELC+,BE) +Mot Bera
o Boe 1-1 , 0)

-Bota-1++

· Example : P . = 0. = 10 , 0) , E =0 ,
K = K(x) (Pr = b)

E -+d d- 2 + (+2)d

& Katego
,
Klas rund d
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Propagation of chaos.
· Consider the following moderately interacting particle systems :

dxvidt

↑d=XXE de + dLE
,

· Five = NadeTopicNin ,
wir

,

200
.

↳in = So

· Let Ma : = 1/(ProProd2) va]

En = = [a.Va - (1+ p]
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H
.

- Jaber-Menozzi-Röcker-Zhang , 2024
Let < - (2 ,

2)

· Assume H(K
,Mo) holds with g= 0 . <10 ,

5) and > (x
, a) .

Suppose & 10, E

Then

11 IP . ( E_ 1PO(Xt ,VeilvarN-r

where v = rid, B,, po . Po , K .Mol > 0.

· Moreover , if Hill-onNos holds.

Then Isuz
· The proof is based on the technique used in Olivera-Richard-Tomasevic

,
2021

and H
. -Röcker-Zhong 2024t. 18/18


